We analyze spatiotemporal light localization in truncated two-dimensional photonic lattices and demonstrate the existence of two-dimensional surface light bullets localized in the lattice corners or the edges. We study the families of the spatiotemporal surface solitons and their properties such as bistability and compare them with the modes located deep inside the photonic lattice. © 2007 Optical Society of America OCIS codes: 190.4420, 190.5530, 190.5940. Theoretical studies of discrete surface solitons localized in the corners or at the edges of two-dimensional photonic lattices [1] [2] [3] In particular, in a sharp contrast with one-dimensional discrete surface solitons, the mode threshold is lower at the surface than in a bulk making the mode excitation easier [2] . Recently, we have studied spatiotemporal discrete localization near surfaces and suggested the concept of spatiotemporal surface solitons [9] . These solitons provide an important extension of bulk spatiotemporal optical solitons [10] , often referred to as light bullets in the three-dimensional case. The study of the properties of light bullets attracted the attention of many research groups as an unique opportunity to create self-supporting fully localized objects in both space and time [10] . In this Letter, we extend these important concepts to the case of two-dimensional photonic lattices, demonstrate the existence of twodimensional surface light bullets localized in the corners or at the edges of the lattice, and describe their properties such as bistability.
Theoretical studies of discrete surface solitons localized in the corners or at the edges of two-dimensional photonic lattices [1] [2] [3] and recent observations of two-dimensional surface solitons in optically induced photonic lattices [4] and laser-written waveguide arrays in fused silica [5] demonstrated novel features of these nonlinear surface modes in comparison with their counterparts in one-dimensional waveguide arrays [6] [7] [8] . In particular, in a sharp contrast with one-dimensional discrete surface solitons, the mode threshold is lower at the surface than in a bulk making the mode excitation easier [2] .
Recently, we have studied spatiotemporal discrete localization near surfaces and suggested the concept of spatiotemporal surface solitons [9] . These solitons provide an important extension of bulk spatiotemporal optical solitons [10] , often referred to as light bullets in the three-dimensional case. The study of the properties of light bullets attracted the attention of many research groups as an unique opportunity to create self-supporting fully localized objects in both space and time [10] . In this Letter, we extend these important concepts to the case of two-dimensional photonic lattices, demonstrate the existence of twodimensional surface light bullets localized in the corners or at the edges of the lattice, and describe their properties such as bistability.
We consider light propagation in two-dimensional photonic lattices applying the coupled-mode theory. In the discrete model the electric field is decomposed into modes of the identical waveguides with the mode profiles e͑x , y , 0 ͒ and the normalized (with respect to the coupling constant) propagation constant k z at the center frequency of the pulse 0 as E͑x , y , z , t͒ = ͚ n,m E n,m ͑z , t͒e͑x , y , 0 ͒exp͓i͑k z z − 0 t͔͒ + c.c., where z is normalized with respect to the coupling constant, which has assumed to be equal, and t is the time normalized with respect to the ratio of group velocity dispersion and coupling constant. The slowly varying normalized envelope in the waveguide ͑n , m͒ is described by the equation
͑1͒
where the lattice indices n , m =0,1,..., and E −1,m = E n,−1 ϵ 0 due to the lattice termination [Figs.
Here ␥ is the dispersion coefficient, and = ± 1 is for either focusing or defocusing nonlinearity. We define the lattice couplings as V n E n,m = E 1,m , for n =0, m ജ 0 and
We are looking for spatiotemporal soliton solutions of this nonlinear model in the form E n,m ͑t ; z͒ = E n,m ͑t͒exp͑i␤z͒, where ␤ is the nonlinearity-induced shift of the propagation constant (soliton family parameter), and the envelope E n,m ͑t͒ describes the temporal shape of the solitonlike pulse at the ͑n , m͒ lattice site. We find different families of localized surface solitons by solving the stationary version of Eq. (1) by means of a standard band-matrix algo- rithm [9] applied to the corresponding two-point boundary-value problem
The stationary solutions of Eq. (2) become less localized near the minimum (cutoff) value of the propagation constant ͑␤ co =4͒. Therefore, depending on the value of the propagation constant, we use up to 301 discretization points in the continuous time interval ͓0,t max ͔, and up to 35ϫ 35 grid points for the discrete spatial coordinates. Figures 1 and 2 show typical examples of spatiotemporal continuous-discrete surface localized states located in the corners or at the edges of the lattice, together with the central mode representing a spatiotemporal discrete soliton in an infinite two-dimensional lattice, for the focusing nonlinearity ͑ = +1͒.
To make a preliminary conclusion about the linear stability of the surface states found numerically, we calculate the total mode power [Figs. 3(a) and 3(d)],
and the system Hamiltonian H͑P͒ [ Fig. 3(b) ],
Figures 3(a)-3(d) present several one-parameter families of spatiotemporal continuous-discrete surface solitons found numerically for the modes localized in the corner, at the edge, and in the center of a two-dimensional lattice. The families are characterized by the dependencies P = P͑␤͒ and H = H͑␤͒, as well as the dependence of the peak amplitude max͉E n,m ͉ on the total power. Similar to the previous studies of continuous-discrete spatial solitons in similar systems [9, 11] , we expect that stable spatiotemporal solitons should correspond to the lower branch of the dependence H = H͑P͒. The typical single-cusp behavior of the dependence H = H͑P͒ is shown in Fig. 3(b) , where the lower (blue) branches correspond to the stable surface modes. This observation is fully confirmed by direct simulations of the propagation of the stationary solitons perturbed by a white input noise, as discussed below. In addition, we find higher-order spatiotemporal solitons [see Fig.  3(d) ], which are all unstable.
Figure 3(c) shows the power dependence of the peak amplitude of the stationary spatiotemporal solitons. As expected, for a fixed power there exist two stationary solitons, stable and unstable ones, the stable soliton having the peak amplitude larger than the unstable one and, correspondingly, a smaller width. The threshold power P th for the spatiotemporal surface soliton generated in a two-dimensional photonic lattice is smaller than that corresponding to the spatiotemporal soliton located far away from the lattice edges, with the corner surface soliton having the smallest threshold energy: P th = 9.317 (corner), P th = 9.933 (edge), and P th = 10.553 (central). This conclusion is similar to the case of two-dimensional discrete solitons [1, 2] . These numerical results should be compared with the value of the threshold power of discrete surface light bullets in one-dimensional photonic lattices [9] P th Ӎ 7.55.
The stability results following directly from the analysis of the dependence H = H͑P͒ shown in Fig.  3(b) , have been cross-checked by direct numerical simulations of the dynamic equation (1) carried out by means of the Crank-Nicholson scheme; transparent boundary conditions were implemented in order to permit the escape of radiation from the computation window. The system of nonlinear finitedifference equations is solved first by means of the Picard iteration method (see details in [9] ), and the resulting linear system is treated using the GaussSeidel iterative scheme. For a good convergence we Fig. 3(c) . typically need five Picard iterations and six GaussSeidel iterations. We employ a temporal grid with the step length ⌬t = 0.05 and use a typical longitudinal step size of ⌬z = 0.001.
The results of the direct propagation simulations are found to be in agreement with the predictions of the power diagram ͑H , P͒. Thus, we find that stable spatiotemporal surface solitons resist a 10% input white noise, see Fig. 4(a) , whereas unstable solitons reshape and transform into stable solitons pertaining to the lower (stable) branch of the soliton family, by increasing their peak amplitude during this process, Fig. 4(b) . This reshaping to the stable modes is clearly observed in Figs. 5(a) and 5(b) where we show the hopping of the unstable flat-top-like (0,0) corner soliton from the upper "co" branch in Fig. 3(d) (for ␤ = 5 and E = 28.77) to a stable (1,1) corner soliton of the lower branch. Figures 5(c) and 5(d) show an example of reshaping of an unstable edge soliton of the "ed" branch of Fig. 3(d) (for ␤ = 5.5 and E = 18.31) into a stable edge soliton of the same branch.
In conclusion, we have predicted theoretically the existence of spatiotemporal surface solitons localized in the corners and at the edges of two-dimensional photonic lattices. Such continuous-discrete localized states are similar to the spatiotemporal solitons localized far away from the lattice edges, and they differ substantially from the properties of onedimensional discrete surface solitons. 
